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A number of travelling wave solutions in a square duct are discovered by a homotopy
approach using artificially arranged body forces, following Waleffe, Phys. Rev. Lett. 81,
41404143 (1998). Some of them appear at much lower Reynolds number than the transitional
regime to turbulence, $Re_{b}\sim 1000$ . It is found that most of the solutions presented in this














$b_{*}$ , $\nu_{*}$ Cartesian $(x_{*}, y_{*}, z_{*})$
$y_{*},$ $z_{*}$
$x_{*}$ $b_{*}$ ,
$b_{*}^{2}/\nu_{*}$ , $\nu_{*}/b_{*}$ $*$
$u=(u, v, w)$ $P$
$\nabla\cdot u=0$ , (1)
$\partial_{t}u+(u\cdot\nabla)u=-\nabla P+\nabla^{2}u+F$ , (2)
$F$
$F=(0,$ $F_{y}(y, z),$ $F_{z}(y, z))$
$u=O$ at $y=\pm landz=\pm 1$ . (3)
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$\triangle$2 $U_{B0}=\chi$ ), Reynolds :
$Re=U_{B0}(0,0)= \frac{U_{B0r}(0,0)b_{*}}{\nu_{*}}$ . (7)
Reynolds $(\chi=3.3935Re)$ .




















$\sum_{m=4}^{M}\sum_{n=4}^{N}|\varphi_{Bm}$ $|=1$ . (16)
(12) $\epsilon$











Figure 1: (a) The basic stream function $\varphi_{B}=\epsilon\phi_{5}(y)\phi_{5}(z)$ with $\epsilon=1$ represented by the grey
scale. (b) The laminar solution for $Re=3000$ with $\epsilon=0.266$ . The grey scale shows the
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Figure 2: Same as figure 2. (a) $\varphi_{B}=\epsilon(\phi_{5}(y)\phi_{7}(z)-\phi_{7}(y)\phi_{5}(z))/2$with $\epsilon=1$ . $(b)$ The laminar
solution for $Re=3000$ with $\epsilon=0.191$ .
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$\partial_{x}^{-1}$ $x$ (21), (22) $V_{B},$ $W_{B},\hat{u}$ (9), (10), (23)
$\hat{v},\hat{w}$ :
$(\begin{array}{l}\hat{v}\hat{w}\end{array})(x,y, z,t)=(\begin{array}{l}v_{1}(y,z)w_{1}(y,z)\end{array})\exp[i\alpha(x-d)]$ . (24)
$c$ $\alpha$ $v_{1}$




$\hat{u}(x, y, z,t)=\hat{U}(y, z,t)+\check{u}(x,y, z,t)$ , (25)
$\hat{p}(x, y, z,t)=\hat{P}(y, z,t)+\check{p}(x,y, z,t)$ . (26)
$\nabla\hat{P}=0$ $\overline{U}$ $\overline{U}=(\overline{U},\overline{V},\overline{W})=$
$\int_{0}^{2\pi/\alpha}udx$























$\partial_{t}U’+(\partial_{z}\varphi’\partial_{y}-\partial_{y}\varphi’\partial_{z})\overline{U}-\triangle_{2}U’+$ $+\partial_{z}\overline{\check{u}\check{w}}=0$ , (34)
$-(\partial_{t}+\partial_{z}\varphi’\partial_{y}-\partial_{y}\varphi’\partial_{z}-\triangle_{2})\triangle_{2}\varphi’+(\partial_{yy}^{2}-\partial_{zz}^{2})\overline{\check{v}\check{w}}+\partial_{yz}^{2}\overline{\check{w}^{2}-\check{v}^{2}}=\Omega_{x}$ (35)
: $- \equiv\alpha/(2\pi)\int_{0}^{2\pi/\alpha}\cdot dx$ . (27)
(31) $\check{u}$ :
$\check{u}=-\partial_{x}^{-1}(\partial_{y}\check{v}+\partial_{z}\check{w})$. (36)
$\dot{v}=\check{w}=\partial_{y}\check{v}=U’=\varphi’=\partial_{y}\varphi’=\partial_{z}\varphi’=0$ at $y=\pm 1$ , (37)







$\psi_{n}$ Dirichlet $n$ Chebyshev
$\{\begin{array}{l}\psi_{2n}=T_{2n}-T_{0},\psi_{2n+1}=T_{2n+1}-T_{1}.\end{array}$ (41)
$\Im[v_{252}]=0$ . (42)
$V’,$ $W’,\check{u}$ (32), (33), (36) (29), (30), (34), (35), (42)
Galrekin :
$A_{ijXj}+B_{ijk^{X}jX_{k}}=0,$ $Xj=(v_{lmn}, w_{lmn}, U_{mn}, \varphi_{mn}, c)^{T}$ . (43)
Newton-Raphson Newton
( )
$E_{3D}= \frac{\alpha}{8\pi}\int_{0}^{2\pi/\alpha}\int_{-1}^{+1}\int_{-1}^{+1}\frac{|\check{u}|^{2}}{2}d$xdyd$z$ . (44)
Reynolds :
$Re_{b}= \frac{1}{4}\int^{+1}\int^{+1}U(y, z)dydz$ . (45)
55
Table 1: $q$}$avell\dot{m}g$ wave solutions in square duct flow with their minimum values of the bulk
Reynolds number and the Reynold number.
$\overline{\overline{\frac{So1ution\min Re_{b}(Re,\alpha)\min Re(\alpha)}{\nu 1(WBN)5.98(Re=1968,\alpha=0.85)1952(\alpha=0.87)}}}$
$\frac{\mu 1(ONWB)332(Re=836,\alpha=1.1.4)828(\alpha=1.13)}{\nu 2(UKP)455(Re=1579,\alpha=090)1535(\alpha=0.88)}$
$\sigma 2$ 498 $(Re=1627, \alpha=1.10)$ 1607 $(\alpha=1.08)$
$\sigma 4a$ 1081 $(Re=4308, \alpha=3.06)$ 4287 $(\alpha=3.11)$
$\sigma 4b$ 1011 $(Re=2726,\alpha=3.20)$ 2714 $(\alpha=3.12)$
$\frac{\mu 2903(Re=3285,\alpha=2.35)3138(\alpha=2.27)}{\zeta 2624(Re=2313,\alpha=1.20)2179(\alpha=1.16)}$
$\delta 2$ 670 $(Re=2225, \alpha=1.32)$ 2187 $(\alpha=1.21)$
(a)
















$\sigma 4b\mu 2\zeta 2\equiv$
$=$ $\mu 1$
05 1 1.5 2 25 3 35
$\alpha$
Figure 3; (a) The skin friction $\lambda$ against the bulk Reynolds number for the travelling waves in
square duct flow. The laminar state is represented by $\lambda=28.45/Re_{b}$ . The turbulent state obeys
the empirical formula by Jones (1976): $\lambda^{-1/2}=2\log_{10}(2.25Re_{b}\lambda^{1/2})-0.8$ . (b) The existence
domains of the travelling wave solutions. The Reynolds numbers of the solutions are 2000 and
2400 for $\nu 1,900$ and 1200 for $\mu 1$ , 1700 and 2000 for $\nu 2$ , 4400 and 5000 for $\sigma 4a$ , 2750 and 3000 for




(Wedin et al. 2009; Uhlmann et al. 2010; Okino et al. 2010)
6
(symmetry I, II, III. Okino et al. 2010 (3.2) ).
Reynolds Reynolds Table 1 Figure 3 (a)
(b) $\lambda$ $\lambda=4\chi/Re_{b}^{2}$
Figure 3 (a) Reynolds Figure





Okino et al. (2010) (3.2) symmetry I
$y$ shifl-and-reflect symmetry,
$S:(\begin{array}{l}uvw\end{array})(\xi,y, z)arrow(\begin{array}{l}u-vw\end{array})(\xi+\frac{\pi}{\alpha}, -y,z)$, (46)
$z$ mirror symmetry,
$Z:(\begin{array}{l}uvw\end{array})(\xi,y, z)arrow(\begin{array}{l}uv-w\end{array})(\xi, y, -z)$. (47)
$S$ $Z$ shift-and-rotate symmetry :
$\Omega:(\begin{array}{l}uvw\end{array})(\xi,y,z)arrow(\begin{array}{l}u-v-w\end{array})(\xi+\frac{\pi}{\alpha}, -y, -z)$. (48)
$\varphi_{B}=\epsilon\phi_{6}(y)\phi_{5}(z),$ $\varphi_{B}=\epsilon(\phi_{5}(y)\phi_{7}(z)-\phi_{7}(y)\phi_{5}(z))/2$ (Figure 1, 2 )
Wedin et al. (2009) Okino et al. (2010)
Wedin et al. (2009) Nl Okino et al. (2010) Ml
$\nu 1,\mu 1$ Pringle $et$
al. (2009) Figure 4(a) $\varphi_{B}=\epsilon\phi_{5}(y)\phi_{5}(z)$






lower branch upper branch
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$\epsilon$
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$\epsilon$
Figure 4: (a) The growth rate of the perturbations, $\alpha\Im[c]$ , with $\alpha=0.85$ at $Re=2500$. $(b)$ The
bifurcation diagram of the solution vl with $\alpha=0.85$ at $Re=2500$. The bifurcation point is
indicated by the closed circle.
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2.6 Synunetry II
Okino et al. (2010) (3.2) symmetry II
$y$ shiR-and-reflect symmetry,
$S:(\begin{array}{l}uvw\end{array})(\xi,y, z)arrow(\begin{array}{l}u-vw\end{array})(\xi+\frac{\pi}{\alpha}, -y, z)$ ,
$180^{o}$ rotate symmetry,
$R_{2}:(\begin{array}{l}uvw\end{array})(\xi, y, z)arrow(\begin{array}{l}u-v-w\end{array})(\xi, -y, -z)$. (49)
$S$ $R_{2}$ $z$ shift-and-reflect symmetry :
$S’;(\begin{array}{l}uvw\end{array})(\xi,y, z)arrow(\begin{array}{l}uv-w\end{array})(\xi+\frac{\pi}{\alpha},y, -z)$ . (50)
261 $\nu 2$




$D:(\begin{array}{l}uvw\end{array})(\xi, y, z)arrow(\begin{array}{l}uwv\end{array})(\xi, z, y)$ . (51)
262 $\sigma 2$
S2 $\sigma 2$ $\nu 2$
$D$ pitchfork $\sigma 2$ $\sigma 2$ 4 (Figure 5
), Uhlmann et al. (2007) DNS
263 $\sigma 4$
S4 2 $\sigma 4a$ $\sigma 4b$
$\sigma 4a$ $\sigma 4b$ S, S’, R2 $90^{O}$ rotate symmetry
$R$4 $:(\begin{array}{l}uvw\end{array})(\xi, y, z)arrow(\begin{array}{l}uw-v\end{array})(\xi, -z, y)$ . (52)
$\sigma 4a,$ $4b$ 16 (Figure 6, 7 ).
2 2
$\sigma 4a$ $\sigma 4b$
$\sigma 4a$ $45^{o}$ $\sigma 4b$
2.6.4 $\mu 2$
M2 $\mu 2$ Figure8 $\mu 2$ $\mu 2$




Okino et al. (2010) (3.2) symmetry III
$z$ mirror symmetry,
$Z:(\begin{array}{l}uvw\end{array})(\xi,y, z)arrow(\begin{array}{l}uv-w\end{array})(\xi,y, -z)$ ,
$y$ mirror symmetry,
$Z’:(\begin{array}{l}uvw\end{array})(\xi,y, z)arrow(\begin{array}{l}u-vw\end{array})(\xi, -y,z)$ . (53)
$Z$ $Z’$ rotate symmetry :
$R_{2}:(\begin{array}{l}uvw\end{array})(\xi,y,z)arrow(\begin{array}{l}u-v-w\end{array})(\xi, -y, -z)$ .
2.7.1 $\zeta 2$
Z2 $\zeta 2$ $\zeta 2$ Z, Z’,
R2 $\Omega_{2}$ :
$\Omega_{2}:(\begin{array}{l}uvw\end{array})(\xi,y, z)arrow(\begin{array}{l}uw-v\end{array})(\xi+\frac{\pi}{\alpha}, -z,y)$ . (54)
$\Omega_{2}$ $90^{o}$ $\zeta 2$
8 (Figure9
$)$ . $\zeta 2$ Z2
(2 Reynolds Z2
2.72 $\delta 2$




$\nu 1,$ $\mu 1,$ $\nu 2,$ $\sigma 2,$ $\zeta 2,$ $\delta 2$ $Re_{b}\sim 1000$
Reynolds
(Tbble 1 Figure $3a$ ). Reynolds
1 (Tablel Figure3 ).
$\sigma 4a,$ $\sigma 4b,$ $\mu 2$
Table 2
( Pringle et al. 2009 ) (
http:llrsta. royalsoc $i$etypublish$ing.org/content/367/1888/457/\epsilon uppl/DCl$ )
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Table 2: The symmetries of the travelling wave solutions in square duct flow and their counterpart
in pipe flow. The nomenclature of the solutions in pipe flow is based on Pringle et al. (2009).
$\overline{\overline{\frac{So1utionSymmetryTransformationSolutioninpipeflow}{\nu 1(WBN)IS,Z,\Omega N1}}}$
$\mu 1$ (ONWB) I S, Z, $\Omega$ Ml
$\nu 2$ (UKP)$\overline{IIS,R_{2},S’+D}$N2
$\sigma 2$ II $S,$ $R_{2},$ $S’$ S2
$\sigma 4a$ II $S,$ $R_{2},$ $S’+R_{4}$ S4
$\sigma 4b$ II $S,$ $R_{2},$ $S’+R_{4}$ S4
$\frac{\mu 2IIS,R_{2},S’+DM2}{\zeta 2IIIZ,Z’,R_{2}+\Omega_{2}unknown}$
$\delta 2$ $I\Pi$ $Z,$ $Z’,$ $R_{2}$ unknown
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Figure 5: Mean flow $\overline{U}$ (top-left) and images of the total flows $u$ along $\xi$ of $\sigma 2$ with $\alpha=2.0$ at
$Re=2750(Re_{b}=1053)$ .
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Figure 6: Same as figure 5 for $\sigma 4a$ with $\alpha=3.2$ at $Re=5000(Re_{b}=1262)$ .
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Figure 7: Same as figure 5 for $\sigma 4b$ with $\alpha=3.2$ at $Re=5000(Re_{b}=2025)$ .









Figure 8: Same as figure 5 for $\mu 2$ with $\alpha=2.5$ at $Re=3300(Re_{b}=9S9)$ .
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Figure 9: Same as figure 5 for $\zeta 2$ with $\alpha=1.0$ at $Re=3000(Re_{b}=1151)$ .
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Figure 10: Same as figure 5 for $\delta 2$ with $\alpha=1.0$ at $Re=3000(Re_{b}=894)$ .
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